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$[2],[3],[5],[6],$ $[7],[8]$ , etc ). 1988 Mandrekar[6] $H^{2}(T^{2})$
, Beurling , Ghatage
Mandrekar[3] $L^{2}(\mathrm{T}^{2})$ . 1993 Gasper
Suciu[2] $L^{2}(\mathrm{T}^{2})$ 3 . ,
von Neumann , $L^{2}(\mathrm{T}^{2})$ ,
.
von Neumann von Neumann $\triangleright\backslash$
. 3 , $L^{2}(\mathrm{T}^{2})$ Beurting
. 4 , pure, full $1_{\sqrt}\backslash$
, $L^{2}(\mathbb{T}^{2})$ pure full .
5 , isometry pair Popovici
, pair $\mathrm{b}\mathrm{i}$-shift .
2.














$\mathcal{L}$ L $L_{w}$ von Neumann , $\Re$ R $R_{w}$ von
Neumann .




$JL_{w}J=R_{w}^{*}$ , $JL_{z}J=R_{z}^{*}$ . , $J,\mathrm{G}J=\Re,$ $J\mathcal{L}’J=\mathrm{S}$,
. , $\mathcal{L}’$ $L$ commutant .
$\forall A\in \mathcal{L}$ $\tau(A)=<A1,1>$ $\tau$ $\mathcal{L}$ normal finite tracial
state . .
1 $L$ $\mathrm{I}\mathrm{I}_{1}$-factor , $\mathcal{L}=\Re’$ , \Re =L \leq .
$L$ $\Re$ von Neumann , von Neumann .
$\mathcal{H}$ $U$ $V$
$UV=e^{2\pi i\theta}VU$
, $U$ $V$ C*C $C^{*}(U, V)$ irrational rotaion
C8 . $\mathfrak{U}_{\theta}=C^{*}(U, V)$ .
13
2(Han [4]) $\mathfrak{U}_{\theta}$ $\pi(U)=L_{z},$ $\pi(V)=L_{w}$ $*$ -isomorphism $\pi$ $L^{2}(\mathrm{T}^{2})$
von Neum $\mathrm{a}\mathrm{n}\mathrm{n}$ $L$ .
3. $L^{2}(\mathrm{T}^{2})$ Beurling




$\mathfrak{M}$ : $\Leftrightarrow L_{+}\mathfrak{M}\subset \mathfrak{M}$
$(\Leftrightarrow L_{z}\mathfrak{M}\subset \mathfrak{M}, L_{w}\mathfrak{M}\subset \mathfrak{M})$ .
. $L^{2}(\mathrm{T}^{2})$ $\mathfrak{M}$ ,
$\mathfrak{M}$:Ieft-reducing
$\Leftrightarrow L\mathfrak{M}\subset \mathfrak{M}$
( $\Leftrightarrow$ $P\in\Re$ $\mathfrak{M}=PL^{2}(\mathrm{T}^{2})$ )
$\mathfrak{M}$:left-pure
$\Leftrightarrow\bigcap_{m,n\geq}0^{L_{z}^{m}L_{w}^{n}\mathfrak{M}=\{0\}}$
($\Leftrightarrow \mathfrak{M}$ {0} left-reducing )
$\mathfrak{M}:\mathrm{l}\mathrm{e}\mathrm{f}\mathrm{t}$-full
$\Leftrightarrow,$ $\overline{\bigcup_{m,n<0}L_{z}^{m}L_{w}^{n}\mathfrak{M}}=L^{2}(\mathrm{T}^{2})$
( $\Leftrightarrow \mathfrak{M}$ left-reducing $L^{2}(\mathrm{T}^{2})$ )
. .
$\theta=0$ , ,
$z\mathfrak{M}\subset \mathfrak{M}$ , $w\mathfrak{M}\subset \mathfrak{M}$
.
$L^{2}(\mathrm{T}^{2})$
$\text{ }$ ff wandering ,
$4\mathrm{f}\vec{\in\cup\backslash },$




3 $\mathfrak{M}$ $L^{2}(\mathrm{T}^{2})$ ,
$V_{z}=L_{z}|_{\mathfrak{M}},$ $V_{w}=L_{w}|_{9\hslash}$ ,






(2) $V_{z}$ $V_{w}$ $\mathfrak{M}$
$V_{w}V_{z}^{*}=e^{2\pi i\theta}V_{z}^{*}V_{w}$ .




4 $\mathfrak{M}$ $L^{2}(\mathrm{T}^{2})$ .
$\mathfrak{M}=VH^{2}(\mathrm{T}^{2})$
( $V$ $\Re$ )
$V_{w}V_{z}^{*}=e^{2\pi i\theta}V_{z}^{*}V_{w}$
, $V_{z},$ $V_{w}$ $\mathfrak{M}$ . $V_{z}=L_{z}|_{\mathfrak{M}},$ $V_{w}=L_{w}|_{\mathfrak{M}}$ .
( ) $[V1]$ wandering ,
$VH^{2}( \mathrm{T}^{2})=\sum_{m,n\geq 0}\oplus V_{z}^{m}V_{w}^{n}[V1]$
, 3 (1) $\Rightarrow(2)$ $V_{w}V_{z}^{*}=e^{2\pi i\theta}V_{z}^{*}V_{w}$ .
, 3 (2) $\Rightarrow(3)$
M=m\Sigma |n\geq 0\oplus vzmVwn( z\cap Fw)
15
, $\dim(\mathrm{f}\mathrm{f}z$ \leftrightarrow $=1$ , ( ).
5 (Mandrekar [6]) $\mathfrak{M}$ $L^{2}(\mathrm{T}^{2})$ .
$\mathfrak{M}=qH^{2}(\mathrm{T}^{2})$
( $\mathrm{q}$ unimodular function)
$V_{w}V_{z}^{*}=V_{z}^{*}V_{w}$




reducing, pure, full . .
6 $\mathfrak{M}$ $L^{2}(\mathrm{T}^{2})$ right-reducing , left-reducing
. $\mathfrak{M}$ {0} $L^{2}(\mathrm{T}^{2})$ .




























$P$ $L$ center , $L$ factor $P$ 0 1 . $\mathfrak{M}$
{0} $L^{2}(\mathrm{T}^{2})$ ( ).
7 $\theta=0$ , $\mathfrak{M}$ $\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{i}\mathrm{n}\mathrm{g}$ , $\mathfrak{M}=$
$\chi_{E}L^{2}(\mathrm{T}^{2})$ .
6 .
8 $L^{2}(\mathrm{T}^{2})$ pure full .
( ) $\mathfrak{M}$ $L^{2}(\mathrm{T}^{2})$ .
$\mathfrak{M}_{\infty}=\cap L_{z}^{m}L_{w}^{n}\mathfrak{M}m,n\geq 0$
, $P_{\infty}$ $L^{2}(\mathrm{T}^{2})$ M . $P_{\infty}\neq I$ M
left-redecing . 6
$\mathfrak{M}_{\infty}=\{0\}$

















. , $\mathfrak{M}$ .$/\ovalbox{\tt\small REJECT}\backslash$ $U$ , VU . isometry
$W=(U, V)$ $\mathfrak{M}$ Popovici
$\mathfrak{M}=\mathfrak{M}u\oplus \mathfrak{M}_{us}\oplus \mathfrak{M}_{su}\oplus \mathfrak{M}_{ws}$
, ,
Mu $U$ $V$ ,
$\mathfrak{M}_{us}$ $U$ $V$ ,
$\mathfrak{M}_{su}$ $U$ $V$ ,
Wl $s$ $\mathrm{b}\mathrm{i}_{-\mathrm{S}}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}$ (U|\cap i\geq 0Ke7 $U^{\mathrm{i}}’ V|_{\bigcap_{j\geq^{0}}Ker}U^{*}V^{j},$ $(UV)|\Re \mathrm{t}_{ws}$ ).
10 $\mathfrak{M}$ $L^{2}(\mathrm{T}^{2})$ , $W=(U, V)$
$\mathfrak{M}$
$\mathrm{b}\mathrm{i}$-shifli . $\mathfrak{M}=\mathfrak{M}_{ws}$ .
( ) $\mathfrak{M}_{uu}$ 6 $\mathfrak{M}_{uu}=\{0\}$ .
$\mathfrak{M}$
, $\mathfrak{M}$ $U$ Wbld
































, $\mathfrak{M}_{u}^{U}$ left-reducing .
6 ,
$\mathfrak{M}_{u}^{U}=\{0\}$
. $\mathfrak{M}$ $V$ Wold $\mathfrak{M}=\mathfrak{M}_{u}^{V}\oplus \mathfrak{M}_{s}^{V}$ ,
$\mathfrak{M}_{u}^{V}=\{0\}$
. ,
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